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LETTER TO THE EDITOR 

Induced module construction for highest-weight 
representations of U,.(gl(n)) at roots of unity 

J R Linkst and R B Zhangt 
t Department of Mathematics. University of Queensland. St Lucia, 4072, Australia 
t Department of PUR Mathematics, University of Adelaide, GPO Box 498, Adelaide, 5001, 
Australia 

Received 23 August 1994 

Abstract. A method is investigated for inducing highest-weight representations for the quantum 
group U,(&)) from the canonical subalgebra Uq(gl(n - I ) )  when q is a root of unity. We 
classify the imps into two types, typical and atypical, where the former is a generalization of 
the class of imps with maximal dimensionality. The slrucfum of both the typical and atypical 
imps are studied; in particular, a suficiency condition is given for an i m p  to be typical. As 
examples, we consider Rat representations induced from a one-dimensional representation of the 
canonical subalgebra and representations induced from vector representation. 

Quantum groups [1,2] are a special class of Hopf algebras which have attracted considerable 
attention because of their application in a variety of areas of mathematical physics. At 
generic values of the deformation parameter q, quantum groups are quasitriangular Hopf 
algebras [l], admitting a universal R-matrix which plays an important role in solving the 
Yang-Baxter equation. 

When q is a root of unity, the structure and representation theory of quantum 
groups alters dramatically due to the centre becoming augmented by additional elements. 
Considerable research has been undertaken to study these algebras and their representations 
using various techniques including Gelfand-Tsetlin bases, auxiliary algebras and q-boson 
calculus [3-8]. Although these algebras are not quasitriangular in the usual sense, they 
possess a more general property called autoquasitriangularity as defined by Reshetikhin [9]. 
Aside from their mathematical interest, quantum groups at roots of unity have applications 
in a range of areas. It is well known that the chiral Potts model and its generalizations 
[lo, 111 are based on representations of tr,((n)) when q is a root of unity. Other examples 
include field theories [12] and the construction of three manifold invariants 113, 141. 

In this letter, we wish to investigate a method of inducing highest-weight representations 
of the quantum group U,(gl(n)), when q N  = 1, from a representation of the canonical 
subalgebra U, (gl(n- I)). These representations do not necessarily admit a lowest weight and 
their dimensions are bounded by Nf"("-'), features which are not shared by representations 
at generic q. Our approach is inspired by the work of Kac [I51 on the induced module 
construction for finite-dimensional highest-weight representations of basic classical Lie 
superalgebras and its generalizations [16,17]. It is also closely related to the Biedenham- 
Lohe construction [la] of U,(gl(n)) irreps at generic q based on the Borel-Wed theory. 
Many techniques developed in [18] may be adopted into our framework to investigate the 
representations at roots of unity in a detailed fashion. 
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Although our construction does not yield the most general type of representations at 
roots of unity. it is quite simple to apply and, in principle, allows one to investigate the 
highest-weight representations systematically. The construction also naturally classifies the 
irreps into two types, typical and atypical, where the former is a significant generalization 
of the class of irreps with maximal dimensionality studied by De Concini and Kac [ 3 ] .  We 
will study the structures of both types of irreps to some extent; in particular, we give a 
sufficient condition for an irrep to be typical. As we will see, the structures of the typical 
imps  can be understood relatively easily, while those of the atypicals arc harder to study. 
As examples, flat representations and those induced from the vector h e p  of U,(gl(n)) are 
considered in detail. 

The quantum group U,(gl(n)) is a'unital algebra generated by the elements E&l, q*€:, 
U .  U f 1 = 1,Z. . . . , n, where 0 # q E IC is an indeterminate, subject to the following 
constraints: 

43=E4+EL- - 4  *E: 4 *E: 4 E t q - E :  = I 

where 

4" = q  E;-E'+' .*I 

E:+lEi+l = Ei+lE:+l la - bl 2 2 

"+IEb+' = Eb+'Ea+' la - bl 2 2 Ea b b o  

(Et+i) 1 E,*i+i o i l  - ( q  +4-')E:+,EZlf+iEz+i  + E,+i+i(E."+I)' 0*1 = O  

(E:+')ZE"*'+' - O + l  E'*i+lE"+l 
=*I (4 + q- ' )E.  o*l ,, + E:2:+1(Ef+')2 = 0 

and where [ , ] denotes the usual commutator. 
U,(gl(n)) admits a Hopf algebra structure, with co-product A : U,(gl(n)) + 

Ug(gl(n))@Uq(gl(n)), co-unit E : U,(gl(n)) + C and antipode S : U9(gl(n)) + U9(gl(n)). 
However, we omit the details of these mappings as they will not be required for the purpose 
of this letter. 

We can construct root vectors of U,(gl(n)) in the following way. 

E t  = E:EL-q-'E;E," 
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where 

Hereafter, we let q E C be a fixed primitive root of unity such that q N  = 1. It is 
known 131 that in such a case the elements 

(E,")N V1 $ a , b < n  a f b  

are central. It is worth mentioning that when N is even, the elements 

(E$" 

are central with respect to algebra U,(@)) [3]. However, we will restrict OUT attention 
to Up(gl(n)) and, in what follows. we will be concerned with inducing highest-weight 
representations of U,(&)) from representations of the canonical subalgebra U,(gl(n - 1)). 
Throughout, we will denote the eigenvalues of the above central elements by 

X((Ea")N) = ffab ff& E c. 

Since we are considering highest-weight representations, we then necessarily have 

a,,b=O V l < a c b $ n .  

Next we will investigate a procedure for constructing highest-weight representations of 
U,(gl(n)) induced from representations of U,(gl(n - 1)). Such a procedure may be used 
inductively along the subalgebra chain 

U,(gl(z)) C u9kl(3)) C ... C U&(n - 1)) C u,(gl(n)). 

Let Vo(A('-')), A = A . E ~  denote an irreducible U,(gl(n - 1)) module with basis 
U, and a highest-weight vector uo which satisfies 

E ~ U O  = 0 

qE:w=qA*uo VI ( a C n - 1 .  

V1 < a  < b < n - 1 
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We also let UqI,U(n)) denote the algebra generated by U,(gl(n - I)) U {E,"-,,qE:j. We 
construct the following elements of Uq(gl(n)) 

r(p) = (E;)P'  ( E ; I ) ~ . .  . (.qp 

where p = pa&,, and construct the following basis vectors: 

r j ( P )  = U p )  @ v j .  

The above vectors generate a U,(gl(n)) module with action given by 

E ; r j ( p )  = r ( p ) ~  E ; U ~  t q * + p b - ~ ~ p ' a " - p . i r ( p  - E .  +&,)@qE'-E'Vj 

E,brj(p) = q p s - p w p )  B E , ~ u ~  + qp*-z-+t qP.irj(p t E,, - &b) 

E,"r,(p) = q - z : : P T j ( p  +eo) 

q W j ( p )  = p u p )  @qE:uj 

qE:r j (p)  = q A * + ~ ~ ~ p ~ r j ( p )  VI < a  < b < n - 1 (3) 
- where A = A,-I + A.&, and A,, E C is arbitrary. We denote this module by V(A), 

Observe that we may write 

where 

Each of the E gives rise to a Uq(gl(n - 1)) module and qEr acts as a level operator in the 
sense that 

q E : ~ .  - q A n + ' ~  I .  
I -  

- 
In order to make V(A) a U,(gl(n)) module, we need to define the action of E,"-'. Let us 
define 

E,"-'(Z B V(A("-'))) = 0 

which can be shown to imply 

E:(I B V(A('-'))) = 0 V1 < a  < n - 1. 
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Using (2) and (3), we can then write 

x [4z2+:l p ' r (p  - e.) 8 E : - I ~ - E : : ~ ~ ~  + [ -p . - ,~r (p  - E ~ - ~ )  8 q - ~ ~ ' v ~ ]  

(6) 

thus providing a representation of U,(gl(n)) which possesses a highest-weight vector I @uo 
(not necessarily unique). It should be apparent that highest weights satisfying 

A. = w, +k.N ko E Z V I  < a  < n  
- - 

give rise to equivalent modules V(A) and V ( u ) .  

maximal proper submodule of V(A). We set 

- 
Note also that V(A) is not necessarily an irreducible module. Let M denote the unique - 

- 
V(A) = V ( A ) / M .  

Then - V(A) is irreducible. If M # 0, we say that V(A) is atypical. On the other hand, 
if V(A) is irreducible, we set V(A) = V(A) and we refer to it as being typical. As we 
will see presently, the strllctures of the typical irreps can be understood rather easily, while 
those of the atypicals are harder to study. 

- 

Let us consider the case when 

cu,.=O V l < a < n  (7) 

and derive necessary and sufficient conditions for V(A) to be typical. It is instructive to 
- point out that when Vo(A"-')) possesses a lowest-weight state then the induced module 
V(A) also admits a lowest-weight state under condition (7). 

We begin by defining (cf (4) and (5) )  

and observing that 

where each of the constitutes a U,(gl(n - 1)) module and K = (n - 1)(N - 1). That is 
to say, we can further split the U,(gl(n - 1)) levels of equation (4) under condition (7). In 
particular, we can identify a lowest level, namely TK.  We have the following result. 

Lemma 1. Any submodule of V(A) contains the U,(gl(n - 1)) module TK. 
- 
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Proof. Given any vector contained in a submodule of V(A), we can obtain a vector in TK 
by repeated application of the generators E:, 1 < U  c n. We note that 

T ( N  - I )  = ( r ( p )  : pa = N - 1 V1 < U c n ]  

commutes with the U,(& - 1)) generators. Hence, we can generate the whole of TK. 0 

Equipped with lemma 1, we define 

y. = ( E ,  n-1 ) N-I  . , , ( q ) N - ' ( E y J - l "  ' (E;-])N-l@ UO. 
- 

It is apparent that module V ( A )  is irreducible if, and only if, YI # 0. By repeated application 
of equations (2). we have 

N - 2  qA.-l.-r+n-o-l - L-A&-"+#+I 

= [ N  - I]! n ( 4 
r=O 4 -4-I 

N - 1  q O . + ~ . ~ . - ~ . ) - r  - - ( A + ~ , e ~ - c d + r  4 = [N - I]! n ( 
I= I 4 - 4-1 

where p = 6 C:=l(n + 1 - Za)&. is the half sum of positive roots of gl(n). The above 
result leads to the following proposition (cf [3J). 

Proposition 1. The module V(A) is typical (i.e. V(A) is irreducible) if, and only if, 
- 

( A + ~ , E ~ - E ~ ) $ Z / N Z  V I  < a < n .  

In view of proposition 1, it is apparent that for generic values of parameter An, the 
induced module construction yields a oneparameter family of typical modules.' It is 
sIxaightforward to show that a typical module V(A) induced from the U,(gl(n- 1)) module 
Vo(A("-')) has 

dim V(A) = N'"")dim Vo(A'"-')) 

and also a vanishing q-dimension [19]. Also, the typical irreps are a significant extension of 
the class of irreps with maximal dimensionality studied in 131. Proceeding down the chain 
of subalgebras, it is clear that a module V(A) will be of maximal dimension if, and only if, 

(A + p .  EI - & j )  $ Z I N Z  Vi ,  j 

which is exactly the criterion given in [3]. It is also worthwhile to point out that if V(A) 
is typical under condition (7), then it is also typical for general values of an,,, although the 
converse is not true. 

To demonstrate how our construction works, we apply it to obtain the irreducible 
representations of U,(&)) induced from the bivial and vector representations of U,(gl(n- 



Letter to the Editor L867 

1)). The irreducible representations induced from the trivial U,(gl(n - 1)) module are 
termed &t (i.e. the weight spectrum is multiplicity free) and have been considered in [SI 
using Gelfand-Tsetlin basis states. Here we will reconsider these representations using our 
altemative approach, which, as we will see, is very simple. 

Let vo provide a one-dimensional module of U,(gl(n- 1)) with the usual (trivial) action. 
We construct the U,(gl(n)) module ~ ( A . E . )  with basis vectors 

r o w  o u0. 

From equations (3) and (6). the action of the U,(gl(n)) generators is given by 

q r 0 w  = 2 + p ~ - ~ ~ q - p a i r o ( p  - E o  +sb)  

g r o ( p )  = p - ~ ~ - = + ~ ~ ~ [ p ~ i r ~ ( p  + E. - E b )  

qE:ro(P)  = P r o ( P )  
E;ro(p)  = q-zz:plI'o(p + E . )  

4E:ro(p) = q A n + E i j  p i r o ( p )  

V I  < a  < b < n. (10) 

The explicit action of the generaton E:, 1 < a c - n, is obtained from (1) and (10). 
We now consider the conditions under which V(A) is irreducible. First, if any of the 

ana. I < a -= n are non-zero then V(A) is necessarily irreducible. To see this, given any 
vector r o ( p ) .  application of generators E:, b # a  an appropriate number of times yields 

- 

(E:)' 0 uo 

for some 1.  an. # 0 immediately implies that V(A) is typical. On the other hand, if ana = 0 
VI  < a i n, then proposition 1 implies that V(Anen) is irreducible if, and only if, A,, 4 Z. 
We remark that for An E Z in  the range 0 2 A, > N, the irreducible module V(A,&.) is 
simply the dual of the rank -A, symmetric representation which has dimension 

(n - 1 - An)!  
(n  - ] ) ! ( - A n ) ! '  

This leads to the following classification. 

Proposition 2. All of the irreducible modules V(A,&,J of Uq(gl(n)) have dimension 
(n - l)('-') unless an0 = 0, V l  < a < n and A. E Z. In such a case, V(A.&,) has 
dimension 

(n  - 1 f N - A")! 
(n  - 1)!(N - An)! 

where An E R is chosen in the range 0 c A. < N .  
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Next we construct representations induced from the vector module of U,(gl(n - I ) )  
with basis { u , } ~ ~ ~ .  We change our convention here for ease of notation and let U I  denote 
the highest-weight state. The action of the U&(n - I)) generators on this module is 
particularly simple, viz 

, ,, , ,  

E:uj = 6bjU. VQ # b 

qEZuj = q6aiu, , V l < a < n - I .  

Equations (3) and (6) then take the form 

E g r j ( p )  =%jr.(p) + 4 2 t p r - ~ 2  s,-a,. ' [ - P ~ I ~ ~ ( P  -so + 4 
E:r,(p) = s,,qP--pbr,(p) + qp#-c-+I yp.irj(p + t,, - &b) 

E : r j ( p )  = 4-z:; " r j ( p  + so) 

q E : r j ( p )  = q-P*+%r,(p) 

qE:rj(p) = q A e + E Z / P i r j ( p )  

"-2 

. q - l r j ( p )  = [ P J ~  - P.-~ -A,,  -~~( . -~ , i r~ i (p  - + CqA--l+p*+p-i[~a~ 
0 4  

x s~,~E::+~ nrn-l(p - Eo)  + q-6Jq-p,-llrj(p - . [ 
Under condition (7), we deduce from proposition 1 that the above induced module 

with highest weight &I + A& is irreducible provided A, $2 2,. Hence, for generic values 
of A., the above construction yields a one-parameter family of irreducible modules with 
dimension (n - l )N("-') .  For general values of ana, V(A) is also typical provided An Z. 
The treatment of the atypical modules, which we will not consider here, is comparatively 
more complicated. 

In conclusion, in this letter, we have developed a method of constructing finite- 
dimensional highest-weight representations of Uq(gl(n)) when q N  = I .  These 
representations do not, in general, d m i t  a lowest-weight vector and, therefore, are not 
simply a deformation of the q = 1 case. Indeed, there are no lexicality conditions imposed 
on the highest weight unlike h e  q = 1 case and, as is known 131, the dimensions of the 
irreps are bounded. We have classified the irreps into two types, typical and atypical. The 
former represents a significant extension of the irreps with maximal dimensionality studied 
in [3]. Also, the structures of the typical irreps are rather well understood. 

As examples, we constructed flat representations of Uq(gl(n)) induced from a trivial 
representation of Uq(gl(n - 1)) and representations induced from the vector representation. 
Finally, we would like to mention that a similar method has been applied to construct 
highest-weight representations of the quantum supergroup U,(gI(mln)) [17]. 
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